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The generalized Hodge and Bloch conjectures are 
equivalent for general complete intersections 
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Abstract 

Let X be a smooth complex projective variety with trivial Chow groups. (By trivial, 
we mean that the cycle class is injective.) We show (assuming the Lefschetz standard 
conjecture) that if the vanishing cohomology of a general complete intersection Y of 
ample hypersurfaces in X has geometric coniveau > c, then the Chow groups of cycles 
of dimension < c — 1 of y are trivial. The generalized Bloch conjecture for Y is this 
statement with "geometric coniveau" replaced by "Hodge coniveau". 



^ ! Introduction 

< 



Recall first that a weight k Hodge structure (i,iP'^) has coniveau c < ^ if the Hodge 
,S^ ■ decomposition of Lc takes the form 



Lc = L''-"^" © Lfe-c-i.'^+i © ... © L"-'"' 



with L^''^'^ 7^ 0. If X is a smooth complex projective variety and Y d X \s a. closed 
algebraic subset of codimension c, then Ker (7J'^(X, Q) -^ H''{X \ Y,Q)) is a sub-Hodge 
^ ■ structure of coniveau > c of H''{X,Q) (cf. ^, Theorem 7]). The generalized Hodge 

f^ I conjecture formulated by Grothendieck [|l3] is the following. 

V^ . Conjecture 0.1 Let X be as above and let L C H''{X,Q) be a sub-Hodge structure of 

CN ' coniveau > c. Then there exists a closed algebraic subset Y C X of codimension c such that 



LczKeT{H''{X,Q) -^ H''{X\Y, 



This conjecture is widely open, even for general hypersurfaces or complete intersections in 
projective space (cf. Q). Consider a smooth complete intersection X C P" of r hypersur- 
faces of degrees di < . . . < dr- Then the coniveau of the Hodge structure on H'^~^{X, Q)prim 
^^ , (the only part of the cohomology of X which does not come from the ambient space) is given 

$H ' by the formula (cf. |3^, where complete intersections of coniveau 2 are studied): 

C^ ■ 

coniveau(if """"(X, Q)prim) > c <^ n > ^ d^ + (c - 1)^^. (1) 



The importance of Conjecture 0.1 has been underlined by the various generalizations of 
Mumford theorem obtained in S, [EGJ, n&, [n4|, l22], based on refinements of the diagonal 
decomposition principle due to Bloch and Srinivas. The resulting statement is the following 
(see @, H,10.3.2]): 

Theorem 0.2 Let X be a smooth projective variety of dimension m. Assume that the cycle 
class map 

cI:CH,{X)q^H^"'-^\X,Q) 

is injective for i < c — 1. Then we have H'^''^{X) =^ for p =/= q and p < c (or q < c). Hence 
the Hodge structures on H^{X,Q)/H^{X,Q)aig are all of coniveau > c and they satisfy the 
generalized Hodge conjecture for coniveau c. 

1 



Here H''{X,Q)aig denotes the "algebraic part" of the cohomology, generated by classes of 
algebraic cycles. It is non zero of course only if k is even. 

The first case of this theorem, that is the case where c = 1, was obtained by Bloch- 
Srinivas [|l. It says that if a variety X has CHo{X) = Z, then H'''°{X) = for any fc > 
(which generalizes Mumford's theorem W^) and furthermore, the cohomology of positive 



degree of X is supported on a proper algebraic subset Y d X (which solves Conjecture 3.1 
for such X and for coniveau 1). 

The next major open problem, which by the above theorem would solve the generalized 
Hodge conjecture, is the fo llow ing conjecture relating the Hodge coniveau and Chow groups. 
This converse of Theorem |0.2| is a vast generalization of Bloch conjecture for surfaces Q . 

Conjecture 0.3 (cf. pq , II, 11.2.2]) Let X be a smooth projective variety of dimension m 
satisfying the condition HP''^(X) = for p ^ q and p < c (or q < c). Then for any integer 
i < c— 1, the cycle map 

d:CH,{X)q^H^^-^\X,Q) 

is injective. 

If we look at the case of hypersurfaces or complete intersections in projective space, we see 



from (hi) that Conjecture 0.3 predicts the following 



Conjecture 0.4 Let X C P" be a smooth complete intersection of hypersurfaces of degrees 
di < . . . < dr. Then if n > ^^ di + {c — l)dr, the cycle map 

cl : CH,{X)q -^ H^''-^'-^' {X , Q) 

is injective for any integer i < c — 1. 



Note that, by Theorem 0.2, this conjecture would imply Conjecture D.l for very general 
complete intersections. Indeed, by monodromy arguments, the Hodge structure on the 
primitive middle cohomology of a very general complete intersection is simple except for some 
rare and classified cases where it is made of Hodge classes. Thus a sub-Hodge structure in 
this case must be the whole primitive cohomology in this case, and its coniveau is computed 

bydl). 

Apart from very particular values of the degrees di (like complete intersections of quadrics 
pL], or cubics of small dimension H), Conjecture p.4| is essentially known only in the case 
c = 1, where the considered complete intersections are Fano, hence rationally connected, so 
that the equality CHq{X) = Z is trivial in this case. 

In the paper p9], it is proved that for any pair (n, d), there are smooth hypersurfaces of 
degree d in P" satisfying the conclusion of Conjecture p.4|. 



Coming back to Conjecture D.l for general complete intersections in projective space, we 
get from (fl) that it is equivalent to the following statement: 

Conjecture 0.5 The primitive cohomology H"^'^{X,Q)prim of a smooth complete intersec- 
tion X C P" of r hypersurfaces of degrees di < . . . < dr vanishes on the complement of a 
closed algebraic subset Y C X of codimension c if n > ^^ di + {c — l)dr. 



As already mentioned. Conjecture 0.5 would be implied by Conjecture p.4| by Theorem D.2 



The paper |3l|| is an attempt to prove directly Conjecture 3.5 for hypersurfaces or complete 



intersections of coniveau 2 without trying to show the triviality of their CHq and CHi 



groups. Conjecture 0.5 is shown there to be implied by a conjecture on the effective cone 
of algebraic cycles (on some auxiliary variety). This work was motivated by the fact that, 
unlike the case of coniveau 1 , and as is apparent from the lack of progresses in this direction 
and the relative weakness of the results obtained this way (see Q , [g2[ , [EOl ) , it seems now 



unlikely that one will prove Conjecture 3.5 by an application of Theorem 0.2, that is via the 
proof of the triviality of Chow groups of small dimension. 

In fact, we will essentially show in this paper that for general complete intersections 



inside any smooth projective variety X with "trivial" Chow groups. Conjecture 0.1 (that is 



Conjecture |0J if X = P") implies Conjecture |0J (that is Conjecture |0J if X = P") . Stated 
this way, this is not completely correct, and we have to add an extra assumption that we 
now explain. 



Let us state the following conjecture, that we will relate later on (cf. Proposition 1.6) to 
the so-called standard conjectures p^ : 

Conjecture 0.6 Let X be a smooth complex algebraic variety, and let Y C X be a closed 
algebraic subset. Let Z C X be a codimension k algebraic cycle, and assume that the coho- 
mology class [Z] G iJ^'^(X, Q) vanishes in H'^^{X \ y,Q). Then there exists a codimension 
k cycle Z' on X with <[^- coefficients, which is supported on Y and such that \Z'\ — [Z] in 

Our main result in this paper is the following. 



Theorem 0.7 Assume conjecture 0.6 holds for cycles of codimension n — r. Let X be a 
smooth complex projective variety satisfying the property that the cycle map cl : CH^{X)q -^ 
H'^^(X,Q) is injective for any i. Let Li, . . . ,Lr, r < dimX, be very ample line bundles on 
X . Assume that for a very general complete intersection Xf, — Xi n . . .HXr of hypersurfaces 
Xi G \Li\, the Hodge structure on H"~^{Xi,,Q)prim, is supported on a closed algebraic subset 
Yf, C Xf, of codimension > c. Then for the general such Xf, (hence in fact for all), the cycle 
map cl : CH^{X\f) — > iJ^*(X;,,Q) is injective for any i < c. 

As a particular case, we get: 



Corollary 0.8 Assuming conjecture O.t for cycles of codimension n — r, the generalized 



Hodge conjecture O.L implies the generalized Bloch conjecture O.4 for complete intersections 
in projective space. 

These results are conditional results. However there is one non trivial case where they 
are unconditional, namely the case of surfaces, where we get the following. 

Theorem 0.9 Let X be a smooth complex projective variety of dimension r + 2 satisfying 
the property that the cycle map cl : CH^(X)q — > H'^^{X,Q) is injective for any i. Let 
Li, . . . , Lr, r < dimX, be very ample line bundles on X. Assume the smooth complete 
intersections surfaces Xf, = Xi n ... DXr, Xi G \Li\ have h'^''^{Xi,) = 0. Then we have 
CHo{Xf,)=Z. 

Proof. Indeed, the assumption h'^''^{Xi,) = implies by the Lefschetz theorem on (1,1)- 
classes that the Hodge structure on H^{Xb,Q) is generated by divisor classes. So, the 



generalized Hodge conjecture is true in this case. Furthermore, Conjecture 0.6 will be 



satisfied in this case, because it is satisfied by codimension 2 cycles (cf. Lemma 1.1). Finally, 
CHoiXb)Q = Q implies CHo{Xb) = Z by Roitman's theorem ^. 



We refer to Remark 3.3 for the case of threefolds, where we get a similar conclusion. 

The paper is organized as follows: in section nL we will show that Conjecture |0.6| is implied 
by the so-called Lefschetz conjecture. In sectiorig, we will prove Theorem |0.7| . Section ^ will 
provide a number of other geometric applications. For example, we will show how to recover 
the results of |2j , or [g^ . We will get more generally results for many complete intersections 
Xh endowed with the action of a finite group G. In this case, the method applies as well to 
the x-invariant part of CH{Xb) where x'- G ^ {1, —1} is a character. 

Remark 0.10 As already mentioned, our results are unconditional in the case of surfaces, 
where the needed assumptions will be satisfied by Lefschetz's theorem on (1, l)-classes. This 
is uninteresting in the case of complete intersections surfaces in projective space, since those 
of coniveau 1 are Fano, but in the presence of a group action, there are interesting non trivial 
examples of group actions on complete intersection surfaces where this applies, in particular 
the Godeaux surfaces considered in i27|. 



Another potential application concerns self-products of Calabi-Yau hypersurfaces. It was 
noticed in [p8| that the generalized Bloch conjecture implies the following: Let X he a, n- 
dimensional smooth projective variety with H'^{X, Ox) — ior < i < n and 7J"(X, Ox) = 
C (for example X could be a Calabi-Yau manifold). Then if n is even the antisymmetric 
product z X z' — z' X z oi two 0-cycles of X of degree should be in CHq{X x X). If n 
is odd the symmetric product z x z' + z' x z oi two 0-cycles of X of degree should be 



in CHq{X X X). This comes from Conjecture 0.3, or rather its generalization to motives 



and fro m th e observation that the Hodge structure on /\ iJ" {X, Q) has coniveau > 1 (see 



Lemma 3.6). 



We will show in Section If 



Theorem 0.11 Assume Conjecture O.t. Let X he a Calabi-Yau hypersurface in projective 
space P" . Then if the generalized Hodge conjecture is true for the coniveau 1 Hodge structure 
on /\ H"^^{X, Q) (seen as a sub-Hodge structure of H^"'^^ {X x X, Q)) for the general such 
X , the antisymmetric product z x z' — z' x z of two 0-cycles of X of degree is equal to 
in CHo{X X X) for n — 1 even and the symmetric product z x z' + z' x z of two 0-cycles of 
X of degree is equal to in CHq{X x X) for n — 1 odd. 

Thanks. I thank Manfred Lehn, Christoph Sorger and Burt Totaro for their help concerning 



Lemma 3.12, and especially Manfred Lehn and Christoph Sorger for communicating the text 

El- 



1 Remarks on Conjecture |U.t) 



The aim of this section is to comment on Conjecture p.(]| . The first observation to make is 
the following: 



Lemma 1.1 Conjecture O.t is satisfied by codimension k cycles whose cohomology class 



vanishes away from a codimension k — 1 closed algebraic subset. 



In particular, Conjecture O.t is satisfied by codimension 2 cycles. 



Proof. Indeed, if we have a codimension k cycle Z C X, whose cohomology class \Z ] £ 
H'^''{X,Q) vanishes on the open set X \Y, where codiniY > fc — 1, then we know (cf. [|2| 
Proposition 3]) that there are Hodge classes ai € Hdg'^'^^'^'^'{Yi,Q), such that 

[Z] = ^ji*ai, 

i 

where ji : Yi -^ X are desingularizations of the irreducible components Yi of Y , and q := 
codim Yi . 

As Ci > fc — 1 for all j's, the classes a^ are cycle classes on Yi by the Lefschetz theorem 
on (1, l)-classes, which concludes the proof. ■ 



We are now going to relate precisely Conjecture ].6 to the famous "standard conjectures" 
p^ . Let X be a smooth projective variety of dimension n. The Kiinncth decomposition of 
H*{X xX,Q) gives: 

H-^{XxXM)^ HP{XM)®H'i{X,q)- 

p-\-q—m 

Poincare duality on X allows to rewrite this as 

H^{XxX,Q)9i Hom(i/2n-P(x,Q),i/9(X,Q)). (2) 

p-{-q—m 

On the other hand, we have the following lemma (cf. pQ, I, 11.3.3]): 



Lemma 1.2 Let m = p + q be even. A cohomology class 

a e Hom(ij2"-P(X,Q),iy9(x,Q)) c H"^{X x X,Q) 
is a Hodge class on X x X if and only if it is a morphism of Hodge structures. 
Th ere are two kinds of particularly interesting Hodge classes onXxX obtained from Lemma 

a) Let m = 2n and consider for each < q < 2n the element Id[j<i(x,ii) which provides by 



(|^) and Lemma 1.2 a Hodge class 5q of degree 2n on X. This class is called the g-th Kiinneth 
component of the diagonal of X. The first standard conjecture (or Kiinneth's conjecture, 
cf. ||l^) is the following: 

Conjecture 1.3 The classes Si are algebraic, that is, are classes of algebraic cycles on 
X X X with rational coefficients. 

b) Let L be an ample line bundle on X, and / := ci{L) G H'^{X,Q). For any integer k < n, 
the hard Lefschetz theorem pol I, 6.2.3] says that the cup-product map 

is an isomorphism. This is clearly an isomorphism of Hodge structure. Its inverse 

(^in-k^yi . H^^-''{X,Q) -^ H''{X,Q) 



is also an isomorphism of Hodge structures, which by (0) and Lemma 1.2 provides a Hodge 



class Xn-k of degree 2k on X x X . The second standard conjecture we will consider (this is 
one form of Lefschetz' conjecture, cf. |13i) is the following: 

Conjecture 1.4 The classes Xi are algebraic, that is, are classes of algebraic cycles on 
X X X with rational coefficients. 

Remark 1.5 One could also ask whether there is a codimension n algebraic cycle Z on 
X X X with rational coefficients such that the induced morphism [Z], : iJ^"^'^(X, Q) — > 
H''{X,Q) is equal to A^. However, if this weaker version is true for any fc, the Kiinneth 
decomposition is algebraic and then by taking the Kiinneth component of bidegree (fc, k) of 
Z, we get an affirmative answer to Conjecture 



1.4 



Let us show the following 
Proposition 1.6 The Lefschetz conjecture for any X is equivalent to the conjunction of the 



Kiinneth conjecture l.t and of Conjecture O.t for any X 



Proof. Let us assume that the Kiinneth conjecture holds for X and Conjecture 0.6 holds 



for any pair Y C X' . Let i < n. Consider the Kiinneth component 52n-i of Ax, so 

S2n-i e H'{X, Q) ® if 2"-'(X, Q) is the class of an algebraic cycle Z onXxX. Let F, 4 X 
be a smooth complete intersection oi n — i ample hypersurfaces in X. Then the Lefschetz 
theorem on hyperplane sections (cf. pol II, 1.2.2]) says that 

j,, : H\Y,,Q) ^ H^"-\X,Q) 

is surjective. It follows that the class of the cycle Z vanishes on X x (X\Yi). By Conjecture 



0.6, there is a n-cycle Z' supported on X xYi such that the class (id, j)»[Z'] is equal to [Z]. 



Consider the morphism of Hodge structures induced by [Z'] : 

[Z% ■.H^''-\X,Q)^W{Y,,Q). 

Composing with the morphism ji* : ^(YijQ) — > iJ^"~*(X,Q), weget ji,o[Z'], — /d^2„-i(xx 
It follows that [Z']^, is injective, and that its transpose [Z']* : H''{Yi,Q) — )► H''-{X,Q) is sur- 
jective. We now apply B Proposition 8] and induction on dimension to conclude that 
Lefschetz' conjecture holds for X. 



Conversely, assume Lefschetz' conjecture holds for any smooth projective variety. It 
obviously implies the Kiinneth conjecture. Let now X, Y, Z be as in Conjecture p.6[ Set 
n — dimX, k — codimZ, I = codimF. Let j : Y -^ X he a, desingularization of Y. It 
is known (cf. p2|, Proposition 3]) that there exists a Hodge class /3 G H^''^^''{Y,Q) such 
that j*/3 = [Z]. The question is to find such a [3 algebraic on Y. The argument is easier to 
understand if we assume that dimX = 2dimZ and diml" = dimX, which can always be 
achieved up to replacing {X, Z) by {X xP'i,ZxP'2) with dimX + ?i == 2(diniZ + ?2), and 
y by y X P'3, with dimF + ^3 = dimX + h. Let thus 2n = A\mX = dim?. The Lefschetz 
conjecture for Y implies that the Lefschetz decomposition 

(where hy £ H'^{Y,Q) is the class of an ample hypersurface on Y,) is algebraic in the sense 
that the various projectors tt^ on primitive factors are induced by classes of algebraic cycles 
on y X y. Let G :— J2ki~^)'''^k- G is thus induced by an algebraic cycle of dimension 
2n on y X Y. The Hodge-Riemann bilinear relations (||3^, I, 6.3.2]) say that the symmetric 
intersection pairing 

< a,/3 >G=< a,G*l3 > 

is nondegenerate of a definite sign on the space _ff"'"(y) n _ff^"(y,IR) of real cohomology 
classes of Hodge type {n,n) on Y, hence in particular on the space Hdg^'^'^iY) of Hodge 
classes on y. It follows that the image of 

~j.:Hdg^^{YM)^Hdg^^{X,q) 

is the same as the image of 

J. oGoJ* : Hdg^^{XM ^ Hdg^'^XM- 

It follows that J, o G o j* induces an automorphism of the subspace j,iJdg^"(y,Q) C 
Hdg^"{X, Q). This automorphism is induced by an algebraic self-correspondence of X, that 
is a 2n-algebraic cycle oi X x X with Q-coefficients. Hence it preserves the subspace of 
algebraic classes ^ 

(j,iId52"(r,Q)) n H^'^X,Q)aig C Hdg^^{X,Q)- 

It thus also induces an automorphism of this subspace. 

Recalling that [Z] = j*/3 e ImJ, G J,iJdg2"(y,Q)nff2«(x,Q)aig, we thus conclude that 
[Z] = j*((G'o j)*7) for some 7 e H'^"{X,Q)aig. This concludes the proof since {G o j*)^ is 
an algebraic class on y. ■ 



The main use we will make of Conjecture p.q is the following strengthening of the gen- 
eralized Hodge conjecture. Let X be a smooth complex projective variety of dimension n, 
and let L be a sub-Hodge structure of H^{X,Q)prim, where the subscript "prim" stands 
for "primitive with respect to a given polarization on X" . We know then by the second 
Hodge-Riemann bilinear relations pO, I, 6.3.2] that the intersection form <, > restricted to 
L is nondegenerate. Let ttl ■ H'^{X,Q) -^Lhe the orthogonal projector on L. We assume 
that ttl is algebraic, that is, there is a n-cycle A^ C X x X, such that 

[Al], = TTL ■■ H"{X,Q) ^ L c H"iX,Q), 

[AlI = : H\X,Q) ^ i7*(X,Q), i ^ n. 



Lemma 1.7 Assume that there exists a closed algebraic subset Y C X such that L vanishes 



in H"'{X\Y, Q). Then if Conjecture O.t holds, there is a cycle Z'j^ C y xy with Q-coefficients 
such that 

[Zi] = [Ai]inij2»(XxX,Q). 



Proof. Indeed, because ttl is the orthogonal projector on L, the class [Zl] belongs to 
L ® i C H^"{X xX,Q). As L vanishes in iJ"(X \Y,Q), the class [Zl] €L(^L vanishes in 



iJ^"(XxX\(FxF),Q). Conjecture p.6| then guarantees the existence of a cycle Z'^ C FxF 
such that [Z'^] = [Al] in H'^'^{X x X,Q). 



2 Proof of Theorem PTTI 

2.1 Generalities on varieties with "trivial" Chow groups 

We will say that a (non necessarily projective) smooth variety satisfies property V (or has 
trivial Chow groups) if the cycle map 

cl : CH\X)q^ H'^\X,Q) 

is injective for all i. We will say that X satisfies property Vk if the cycle class map 

d:CH\X)Q^H^\X,Q) 

is injective for all i < k. When X is projective, it is known (cf |lj|, 1l9]) that if X has 
trivial Chow groups, the cycle class map 

d:CH\X)Q^H^''{X,Q) 

is an isomorphism for any k and that iJ^'^+^(X, Q) = for all k. We have the following 
lemma: 



Lemma 2.1 Assume Conjecture 0.6. Let X be a smooth projective variety satisfying prop- 



erty V . Then any Zariski open set U G X satisfies property V . 

Proof. Write U = X\Y . Let Z be a codimension k cycle on U with vanishing cohomology 
class. Then Z is the restriction to [/ of a cycle Z on X, which has the property that 

\Z]\u = 0. 

Conjectur e p.6| says that there is a cycle Z' supported on Y such that [Z] = [Z'] in H'^^{X, Q). 
The cycle Z — Z' \s thus cohomologous to on X. As X satisfies property P, Z — Z' is 
rationally equivalent to on X modulo torsion, and so is its restriction to C/, which is equal 
to Z. ■ 

Lemma 2.2 Let X be a smooth complex variety satisfying property Vk- Then any projective 
bundle p : P(£') — > X , where E is a locally free sheaf on X, satisfies property Vk. 

Proof. Indeed, let h = ci(Op(B)(l)) G CH'^iViE)) and let [h] £ H^mE),Q) be its 
topological first Chern class. The canonical decompositions (g^, 1,7.3.3], [Q 11,9.3.2] 

CH*{V{E))^ = ®o<,<r-ihYCH*-\X,Q), 

H*{¥iE))q = (Bo<^<r-l[hY U p*H*-^\X,Q), 

are compatible with the cycle map cl : CH*{X) — s- _ff'^*(X, Q). Thus if cl is injective on 
cycles of codimension < /c on X, it is also injective on cycles of codimension < fc on T{E). ■ 

We prove similarly. 

Lemma 2.3 Let X be a smooth complex algebraic variety satisfyiruj property Vk and let 
Y <Z X be a subvariety satisfying property Vk-i. Then the blow-up Xy -^ X of X along Y 
satisfies property Vk. 



Let us conclude with two more properties: 

Lemma 2.4 Let (p : X ^f X' he a projective surjective morphism, where X and X' are 
smooth complex algebraic variety. If X satisfies property V , so does X' . 

Proof. Indeed, let h 6 CH^{X) be the first Chern class of a relatively ample line bundle. 
Let r = dimX - dimX', and let d be defined by 4>^h'' = dX' e CH°{X'). Then we have 
the projection formula: 

cjy^h'' ■(f,*a)=da,yaeCH*{X%. (3) 

If a e CH*{X')q satisfies d(a) = then (j)*{cl{a)) = d{<j)*a) = in H^*{X,Q). Thus 
(/)*a = in CH*{X)q and a = in CH{X')q by {§. ■ 

Proposition 2.5 Let X be a smooth projective variety satisfying property V . Then X y. X 
satisfies property V . 

Proof. This uses the fact (proved eg in [Q) that a variety satisfying property V has a 
complete decomposition of the diagonal as a combination of products of algebraic cycles (cf. 
also @, 11,10.3.1]): 

Ax = ^ n,jZ, X Zj in CH'\X x X), 

where n^ G Q, and dimZ^ + dimZj = n = dimX. It follows that the variety Z := X y. X 
also admits such decomposition, since A^ = Pia^x ■ P24:^x in CH^^^{Z x Z), where p^ is 
the projection oi Z x Z = X^ to the product X x X oi the i-th and j'-th summand. 
But this in turn implies that CH*{Z)q ^ H'^*{Z,Q). Indeed, write 

Az =Y^ m,jW, X Wj in CH^'^iZ x Z). 

Then any cycle 7 G CH{Z)q satisfies 

7 = Az*7 - J2 ^'J'^^S (^ • ^^)^^- i" CH{Z)q. 
It immediately follows that if 7 is homologous to 0, it vanishes in CH{Z)q. 



2.2 Proof of Theorem ^ 



We will start with a few preparatory Lemmas. Consider a smooth projective variety X of 
dimension n satisfying property V. Let Lj, i = 1, . . . , r, be very ample line bundles on X. 
Let j : Xfc '-> X be a very general complete intersection of hypersurfaces in \Li\, i — 1 , . . . , r . 
Then Xi, is smooth of dimension n — r, and the Lefschetz theorem on hyperplane sections 
says that 

H*{Xb,Q)^H''-'-{X,,QUn®H*{X,Q)\x, (4) 

where the vanishing cohomology Li, :— H''^^^{Xb, Q)van is defined as Ker (j* : H"^'^(Xh, Q) -^ 
H"+r(^X,Q)). Note that iJ"-''{Xb,Q)„a„ is contained in //""''(Xb.Q)^^^™, where "prim" 
means primitive for a very ample line bundle coming from X, and thus, by the second 
Hodge-Riemann bilinear relations, the intersection form <, > on if"~''(X{,,Q) remains non- 
degenerate after restriction to Lf,. 

As X has trivial Chow groups, we know that H* {X, Q) is generated by classes of algebraic 
cycles and so is the restriction H*{X,Q)^Xb- This implies the following: 



Lemma 2.6 The orthogonal projector tt^^ on Lb is algebraic. 

Proof. In fact, we can construct a canonical algebraic cycle A;, ,jan with Q-coefficients on 
Xf, X Xi, whose class [Ab.^jan] is equal to tt^^ . For this, we choose a basis of ®i<n-rH'^^ {X, Q) . 
As we know that X has trivial Chow groups, this basis consists of classes [zij] of algebraic 
cycles Zij on X, with codimzij- — i < n — r. We choose an ample line bundle H on X, and 
note that by the hard Lefschetz theorem, the classes [/i]"~''~* U [^ijlij^^, together with the 
classes [^i^^Jijc^, form a basis of H*{X,Q)^x^- Here [h] e H^{Xi,,Q) is the topological first 
Chern class of H\x,,- The intersection form on i/*(Xfc,Q) is nondegenerate when restricted 
to H*{X,Q)\Xti and Lf, is the orthogonal complement of H*{X^'Q)\x^ with respect to the 
intersection pairing on if*(Xf,,Q). We thus have the equality of orthogonal projectors: 

But it is clear that the orthogonal projector 'i^h*{x,iq)^x ^^ given by the class of an algebraic 
cycle on Xij x Xi, (it suffices to choose an orthogonal basis of H*{X,^)\x,, for the intersec- 
tion form on i/*(X;,,Q) and to recall that _ff*(X, Q)|j^^ consists of algebraic classes). As 
IdH*(Xt.'Q) corresponds to the class of the diagonal of X^, the proof is finished. H 

We now assume that there is a closed algebraic subset Yt, C Xi, of codimension c such 



that Lb vanishes on Xb \ Yb- Then, under Conjecture |0.6| , Lemma 1.7 tells that there is an 
algebraic cycle Zb supported on Yb x Yb such that [Zb] — \/^b.van]- 



The key point now is the following easy Proposition 2.7. In the following, we will put 
everything in family. Let tt : A" — )■ _B be a smooth projective morphism and let (tt, tt) : 
X Xb X ^ B he the fibered self-product of X over B. Let Z C X Xb X he a. codimension 
k algebraic cycle. We denote the fibres Xb := 7r^^(6), Zb := Z^x^xXf 

Proposition 2.7 Assume that for a very general point b € B, there exists a closed algebraic 
subset Yb (1 XbX Xb of codimension c, and an algebraic cycle Z'^ C YbXYb with <Q- coefficients, 
such that 

[Z'b] = [Zb]inH^''{XbxXbM)- 

Then there exists a closed algebraic subset y <Z X of codimension c, and a codimension k 
algebraic cycle Z' with Q-coefficients on X Xb X, which is supported on y Xb y and such 
that for any b € B, 

[Z',] = [Zb] in H^'^iXbxXbM- 

Remark 2.8 This proposition is a crucial observation in the present paper. The key point 
is the fact that we do not need to make this base change for this specific problem. The idea 
of spreading-out cycles has become very important in the theory of algebraic cycles since 
Nori's paper [|l9[, (cf. [Q, [|5|). For most problems however, we usually need to work over 
a generically finite extension of the base, due to the fact that cycles existing at the general 
point will exist on the total space of the family only after a base change. 



Proof of Proposition |2.7| . There are countably many algebraic varieties Mi -^ B param- 
eterizing data (6, lb, Z^) as above, and we can assume that each Ali parameterizes universal 
objects 

y^ -^ Af„ y, c Xm., z[ c y^ xm. y.. (5) 

satisfying the property that for m G A/^, with pr\{m) = b E B, 

[Zlb]^[Z^A inH^'^iXbxXbM- 

By assumption, B is the union of the images of the first projections Mi — >■ B. By a Baire 
category argument, we conclude that one of the morphisms Mi — s- i? is dominating. Taking a 
subvariety of Mi if necessary, we may assume that (j)i : Mi -^ B is generically finite. We may 



also assume that it is proper and carries the famihes yi ^ Mi, 3^^ C Xm^, Z[ C 3^^ Xa/. 3^^. 
Denote by ri : X^ji -^ X the proper generically finite morphism induced by 4'i. Let 

y ■■= niy,) c X. 

Note that because r^ is generically finite, codimj^ < c. Let r^ : 3^i ^- 3^ be the restriction of 
Ti to yi. and let Z' := {r'^,r'^)^,{Zl), which is a codimension k cycle in A' x^ X supported in 

{rlri)iy,XM^y,)cyxBy. 

It is obvious that for any b & B, [Z'^\ — N[Zb\ in H^''{Xb x Xi,, Q), where N is the degree 

of Tj. 

■ 
In the application, X and B will be the following : 

Notation 2.9 Let X be a smooth projective with trivial Chow groups. Let P^ ■.— V{H'^{X,Li)). 
Let i? C Yii ^i be the open set parameterizing smooth complete intersections and let 

X C B X X,TT -.X ^ B, 

be the universal family. We will denote Xi, C X the fibre 7r~^(&) for b ^ B. 

We apply the previous proposition to Z — T^vam the corrected relative diagonal with fibre 
over b E B the Ab^^an introduced in Lemma |2.6| . (Note that D^an is not in fact canonically 
defined, as it may be modified by adding cycles which are restrictions to X of cycles in 
CH>°{B) ® CH{X) c CH{B x X).) 

We then get the following : 

Lemma 2.10 Assume that for a general point b G B, there is a codimension c closed 
algebraic subset Yj, C Xb such that H"~^{Xb,Q)van vanishes on Xb \ Yb- If furthermore 



Conjecture 0.6 holds, there exists a closed algebraic subset y d X of codimension c, and a 
codimension n ~ r algebraic cycle Z' on X Xb X with Q- coefficients, which is supported on 
y Xb y and such that for any b G B, 

[Zl] ^ [Ab,yan] m H^\Xb X Xb,Q)- 



Proof. This is a d irec t application of Proposition |2 . 7] , because we know from Lemma |l .71 that 
under Conjecture |0.6| , the assumption implies that there exists for any b G B an algebraic 
cycle Z^ C n X Yb such that [Z^] = [Ab^^an] in H^''{Xb x Xb,Q)- ■ 

Wc have next the following : 



Lemma 2.11 With notation as in 2.i, let a G H (Af x^ <%',Q) be a cohomology class 



whose restriction to the fibres Xb x Xb is 0. Then we can write 

a = ai + a2 

where ai is the restriction to X Xb X of a class j3i G iJ^"~^''(X x X,Q), and 0,2 is the 
restriction to X Xb X of a class P2 G iJ^"~^''(A:' x X, Q). 

More precisely we can take /3i G (B^<n-rH'■{X,Q) ^ L^H'^"--'^''-'{X,Q), and ^2 G 
®i<n-rL^H'^"-^''-'{X,Q)'SiH'{X,Q), where L stands for the Leray filtration on H*{X,Q) 
with respect to the morphism tt : X -^ B. 

Proof. Consider the smooth proper morphism 

(tt, tt) : X Xb X ^ B. 

The relative Kiinneth decomposition gives 
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where Hq :— i?V*Q. The Leray spectral sequence of (tTjTt), which degenerates at £'2 (cf. 
1^), gives the Leray fihration L on iJ^"~^''(A' x^ X,Q) with graded pieces 

Our assumption on a exactly says that it vanishes in the first quotient H^{B, _R^"~^''(7r, 7r)*Q), 
or equivalently, a G L^ H^"'~^^ {X Xg X,Q). Consider now the other graded pieces 

H^(B,Wq(E)H^^), l>0, i+j = 2n-2r^l. 

Since I > 0, and i + j = 2n — 2r — I, we have either i < n — r or j < n — r. Let us consider 
the case where i < n — r: then the Lefschetz hyperplane section theorem tells that the 
sheaf Hq is the constant sheaf with stalk H^{X,Q). Thus we find that H\B, Hq (g) Hq) ~ 
H'{X,Q) (g) H'-{B,H^q), which is a Leray graded piece of H'{X,Q) ® H^+i{X). Analyzing 
similarly the case where j < n — r, we conclude that the natural map 

H'{X,q) ® L^H^"-^''-\X,Q) ® L^H^''-^'^-^{X,q)(S)H^{X,Q) 

i<n — r j<7i — r 

-^L^H^"-^^'{X XbX,Q) 
is surjective. This proves the existence of the classes /3i, (32- 

m 

In the case where X has trivial Chow groups, we get an extra information: 

Lemma 2.12 With the same notations as above, assume that X has trivial Chow groups 
and that a is the class of an algebraic cycle on X x b X . Then we can choose the f3i 's to be 
the restriction of classes of algebraic cycles on B x X x X . 

Proof. It suffices to show that we can choose the /3i's to be classes of algebraic cycles on 
X X X. Indeed, A" is a Zariski open set in the natural fibration 

f -.P^ X,¥ cY[¥,x X, 

i 

V ■= {{ai,...,ar,x), a,{x) =0,V1 <i<r}. 

This is a fibration into products of projective spaces, because we assumed the L^'s are 
globally generated. It follows that X x A" is as well a Zariski open set in the corresponding 
fibration X xP ^ X x X into products of projective spaces. The restriction map 

CH{X X X xY[¥,) ^ CH{X X P) 

i 

is then surjective, by the computation of the Chow groups of a projective bundle fibration 
( POJ , 11,9.3.2]) and thus, composing with the restriction to the Zariski open set X x X, we 
get 

CH{X X P) ^ CH{X X X) 

is also surjective. Hence the composition CH{X x X x J|^ P^) — > CH{X x X), and a fortiori 
the restriction map CH{X x X x B) ^ CH{X x X) are surjective. 

It remains to show that if a is algebraic, we can choose the j3iS to be the restrictions of 
classes of algebraic cycles on X x X. 

We have by the proof of Lemma 



2.11 



01 = fil\XyBX + P2\XxbX, (6) 
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where /3i e H*<''-''{X,Q)® L'^H*{X,Q) and /32 e L^H*{X,q)®H*<'-'-'-{X,Q). We know 
that the cohomology of X is generated by classes of algebraic cycles [zij] € 7J^*(X, Q). Let 
us choose a basis [zij], 2i < n — r oi H*'^'"-^^{X,Q). Then we can choose cycle classes 
[zij]* G -ff^"~^''~^*(X, Q) in such a way that the restricted classes [-Zi.jlfy form the dual 
basis of H*^'"-^'^{Xi,,Q). We can write by Kiinneth's decomposition 

/5i = I] h.j] U 7» J- ' /'2 - ^ 7l, U [z.,,] , (7) 

where 7^^, 7,'^ £ L^iJ*(A',Q). Recalling that XxsXcBxXxX^we denote by pi^x 
the projection X Xb X —^ X to the first X summand and p2.x the projection X Xb X ~> X 
to the second X summand. Let ttj : A" x^ <¥ -^> <¥ be the second projection. Hence tTj 
is a smooth projective morphism with fiber Xb over any point of Xh C A". The class a 
being algebraic, so is the class Tr'2r{Pi xi^ij]* ^ '^)- However, using (g) and (0), we have the 
equality 

7«j =7r2,(p^xNj]*Ua). 

Indeed, we have 

^LiPlxh.A* U /32) = TT'^M.xh,:]* U (^ 7lj u hM = 

because Yij e i^-ff*('^,Q), and 

Similarly, T^i^,iP2 xi^ij]* U a) = 7^' is algebraic on X. Thus all the 7ij's and 7j'/s are 
algebraic and so are /3i, (32- 



Proof of Theorem |0.7| . We keep notation (2^) and assume now that the vanishing co- 
homology H"-^^{Xb,Q)van is supported on a codimension c closed algebraic subset Yfc C Xb 
for any b £ B. Consider the corrected (or vanishing) diagonal 'Dvan, which is a codimension 
n — r cycle of Xxb X with Q-coefficients. 



By Lemma 2.10| , it follows that there exists a codimension c closed algebraic subset 



y (Z X and a codimension n~r cycle Z on X Xb X with Q-coefhcients, which is supported 
on y Xb y and such that 



Thus the class \Z] - \A b,ya n] £ i ? (Af x^ -^iQ) vanishes on the fibers X;, x X, 



b- 



Using Lemmas 2.11 and 2.12 , we conclude that there is a cycle F G CH"^ ^{Bx X x X)q 
such that 

[Z] - [P„a„] + [F,;,,,;,] in if2n-2r(^ ^^ ^^q)_ (g) 

Lemma 2.13 If X has trivial Chow groups (that is, satisfies property V), the cycle class 
map 

CH*{X xb X)q -^ H^*{X Xb XM) 

is injective. 

Proof. Consider the blow-up X x X oi X x X along the diagonal. Applying Proposition 



2.5 and Lemma 2.3, X x X has trivial Chow groups. A point oi X x X parameterizes a 
couple {x, y) of points of X, together with a subscheme z of length 2 of X, with associated 
cycle X + y. We thus have the following natural variety 

Q = {{ai,...,ar,x,y,z), a, e P,, ct,|J =0, Vi = 1, . . . , r} C J|Pj x A x X. 
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As the Li's are assumed to be very ample, the map Q ^ X x X is a fibration with fibre over 



{x,y, z) £ X X X a, product of projective spaces P^^z of codimension 2 in P^. By lemma 2.2, 



Q also has trivial Chow groups. Let Qo C Q be the inverse image of B under the projection 



Q — > Yii IPi- Then Qq is Zariski open in Q, so by Lemma 2.1, the cycle map is also injective 



on cycles of Qo- Finally, Qo maps naturally to X Xb X via the map 

Jl p, X x'^Tx ^ Jl P, X X X X. 



The morphism Qo -^ X Xb X being projective and dominant, we conclude by Lemma 2.4 
that the cycle map is injective on cycles oi X Xb X. 

■ 

The proof is then finished as follows. From the equality (jg) of cohomology classes, we 
deduce by the above lemma the following equality of cycles: 

Z = V,an + riXxsX m Ci?"-'-(A' Xfi X)^. (9) 

We now fix b and restrict this equality to Xb x Xi,. Then we find 
Zb - Ab^van + r|x„xx. in CH^'-^Xb X Xbh, 

where F' e CH{X x X)q is the restriction oiT tobx X x X. 

Recalling that lS.b.van — Ax^ + F|'^ ^-^ for some codimension n — r-cycle with Q- 
coefficients T" ow X x X , we conclude that 

Ax, =Zb + Fi|x,><x,, (10) 

where Fi G CH"~^{X x X,Q) and the cycle Zb is by construction supported on yb x yb, 
with yb C Xb of codimension > c for general b. 

Let z G CHi{Xb)Q, with i < c. Then {Zb)*z — since we may find a cycle rationally 
equivalent to z in Xb and disjoint from yb- Applying both sides of (y^ to z thus gives : 

z = (Fi|X6xxJ*2 in CH,{Xb)Q. 

But it is obvious that 

{^i\XtxxJ* ■ CH{Xb)Q -> CH{Xb)Q 

factors through jb* : CH{Xb)Q — > CH{X)q. Now, if z is homologous to on Xb, jb*{z) 
is homologous to on X, and thus it is rationally equivalent to on X because X has 
trivial Chow groups. Hence we proved that the cycle map with Q-coefficients is injective on 
CHi{Xb)Q for i < c, which concludes the proof of the theorem. ■ 



3 Variants and further applications 

3.1 Complete intersections with group action 

Theorem |0.7| applies to general complete intersections in projective space, the relation O) 
giving the Hodge coniveau (hence conjecturally the geometric coniveau c). There are in- 
teresting variants coming from the study of complete intersections Xb of r hypersurfaces 
in projective space P", or in a product of projective spaces, invariant under a finite group 
action. Let G acts on Xb, and let x ■ G ^ Z/2Z = {1,-1} be a character of G. Then 
consider the sub-Hodge structure 

L^^{ae H''-^{Xb,Q)prun, 9*a = xigh, Vg £ G} c H^-'-{Xb,Q)p„m- 
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In general, it has a larger coniveau than Xt- For example if X^, is a quintic surface in 
P^, defined by an invariant polynomial under the linearized group action of G ^ Z/5Z with 
generator g on P"^ given by 

5*X, = CX„z = 0,...,3, 

where C is a nontrivial 5-th root of unity, then i?^(S', Q)*"" has no (2, 0)-part, hence is of 
coniveau 1, while H^'°{S) 7^ so the coniveau of H^{S,Q)prim is 0. The quotient surfaces 
S/G is a quintic Godeaux surface (cf. p7[]). 

Note that the Hodge structure L^ corresponds to the projector t^ J2qeG ^(9)9* acting 
on L, and it is given by the action of the n — r-cycle 

^X '■= '^X{9)^b.van.,g, 

geG 
where Ab_t,an,g = (-^rf, ff)*(Af, t,a„) G CHn-r{Xb X Xb)Q. The generalized Bloch conjecture 



0.3 (extended to motives) predicts the following 



Conjecture 3.1 Assume L^ has coniveau > c. Then the cycle map is injective on CH{Xi,)^ 
for i < c. 

If X is the trivial character, this conjecture is essentially equivalent to the previous one 
by considering X/G or a desingularization of it. Even in this case, one needs to make 
assumptions on the linearized group action in order to apply the same strategy as in the 
proof of Theorem p.7| . The case of non trivial character cannot be reduced to the previous 
case. 



In order to apply a strategy similar to the one applied for the proof of Theorem 0.7, we 
need some assumptions. Indeed, if the group G is too big, like the automorphisms group 
of the Fermat hypersurface, there are to few invariant complete intersections to play on the 
geometry of the universal family X ^ B oi G-invariant complete intersections. 



In any case, what we get mimicking the proof of Theorem 0.7 is the following: X is 
as before a smooth projective variety of dimension n satisfying property V and G is a 
finite group acting on X. We study complete intersections Xh G X oi r G-invariant ample 
hypersurfaces Xi e \Li\'^ : Let G acts via the character Xi on the considered component of 
|Li| . The basis B parameterizing such complete intersections is thus a Zariski open set in 
Y\^V{H'^ {X ^ Li)''^'-) . As before we denote hj X -^ B the universal complete intersection. 

Theorem 3.2 Assume 

(i) The variety X Xb X satisfies property Vn-r- 

(ii) The Hodge structure on H"'^^{Xi,,Q)^an *■' supported on a closed algebraic sub- 
set Yb C Xb of codimension c. (Con jectu rally, this is satisfied if the Hodge coniveau of 
H"-^{Xb,Q)ian «s > c, cf Conjecture^). 



(Hi) Conjecture OJ. holds for codimension n — r cycles. 

Then the cycle map GHi{Xi,)q — J> iJ^"-~^''~^*(Xf,,Q)x is injective for any b e B. 

Remark 3.3 In the case where Xi, are surfaces with h'^''^{Xt,)^ = 0, the assumption (ii) is 
automatically satisfied, by the same arguments as in the proof of Theorem Q^. We thus 
get an alternative proof of the main theorem of [ p7[ , where the Bloch conjecture is proved 
for the general Godeaux surfaces (quotients of quintic surfaces by a free action of Z/5Z, or 
quotients of complete intersections of four quadrics in P^ by a free action of Z/8Z). 

In the case of threefolds Xf, of Hodge coniveau 1, we can also conclude that GHq{Xi,)q — 
if (i) is satisfied and the generalized Hodge conjecture is satisfied by the coniveau 1 Hodge 
structure onH ^{Xt,, Q)-^. Indeed, we used conjecture |0.6| in the proof essentially for the proof 
of Lemma |l.7| , which says that if a certain Hodge structure L C H*{Xh, Q) is supported on 
a codimension c closed algebraic subset !&, the corresponding projector has a class which 
comes from the class of a cycle supported in Yf, x Y},. This will be satisfied if dimXb = 3, 
L C H^{X, Q)^ supported on Yb x Yj, because we know that the degree 6 Hodge class of the 
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projector ttl is supported on the codimension 2 closed algebraic subset F x y (or rather a 



desingularization of it), so that we can apply Lemma 1.1. 

This way the second result of pTj ] (quintic hypersurfaces with involutions) and the main 
application of pJ (3-dimensional complete intersection in weighted projective space) are 
reproved : in both cases we are reduced to prove the generalized Hodge conjecture for the 
coniveau 1 Hodge structure on their cohomology of degree 3. 

Example 3.4 Consider a Calabi-Yau hypersurface Xf in X = P" defined by an equa- 
tion / invariant by the involution i : i*(XQ, . . . , Xn) — (— Xq, — Xi, X2, . . . , X„). Then 
H"'~^{X)~-^ has coniveau 1, since i acts by Id on i/"^^'°(X/). In |gj, the case of 3- 
dimensional quintics is studied, and it is proved there that i acts by Id on CHo{X) in this 
case. One step is the proof that the generalized Hodge conjecture holds for the coniveau 1 



Hodge structure II^{X,Q) . Having this. Theorem 3.2 gives a drastically simplified proof 
of this result. 

Example 3.5 The following class of examples is constructed in W: X —¥-^ xF"^, with the 
following group action; G = Z/5Z acts on P^ x P'^ in the following linearized way: Let g 
be a generator of G and C a- nontrivial 5-th root of unity. Then if x, y are homogeneous 
coordinates on P^ and xq, xi, 2:2, X3 are homogeneous coordinates on P^, we set: 

g*x = X, g*y = (y, 

g*Xi = Cxi, i = 0,...,3. 

We then consider hypersurfaces Xf C P^ x P"^ defined by an equation / = of bidegree 
(3,4), where feH°(P^ x P^, e'pixp3(3,4))G. 

These hypersurfaces Xf have a few ordinary quadratic singularities. The varieties X'^ 
obtained as a desingularization of Xf /G have h^''^{X'^) = (and also h^''~'{X'f) — ior i — 
1,2). For the general such variety. Theorem ^^ tells that the generalized Hodge conjecture 
for H^{X'f,Q) implies (and in fact is equivalent to by Theorem |0. 2D the equality GHo^X'r) — 
Z. The interest in these examples comes from the fact, proved in Q, that the Hodge 
conjecture is not satisfied for integral Hodge classes of degree 4 on X'r. 

3.2 Self-products 

Let y be a smooth projective variety. We will assume for simplicity that iJ*'°(y) = 
for i ^ 0, m :— diml". (This will be the case if y is a complete intersection of ample 
hypersurfaces in a projective variety with trivial Chow groups.) 

Lemma 3.6 For k > Pg{Y) ~ h™'''~'{Y), the Hodge structure of weight km on /\ II™'{Y,Q) 
has coniveau > 1. In particular, if /i'"'°(y) = 1, the Hodge structure of weight 2m on 
A^i?™(y,Q) has coniveau > 1. 

Proof. Indeed, the (fcm, 0)-piece of the Hodge structure on /\ H"^{Y,Q) is equal to 
yyfc H^nfi^Y)^ j^gj^pg i^ jg for fc > h"''"{Y). 

■ 

Conjecture |0.3| (or rather its generalization to motives) predicts the following (see below 
for more detail): 

Conjecture 3.7 Assume Y satisfies the above assumption and has K"^'^ = 1. Then, for 
any z, z' £ GHo{Y) with degz ~ degz' — 0, one has z x z' — z' x z = in CHf){Y x Y) for 
m even and z x z' + z' x z = in CHq{Y x Y) for m odd 

The case m ~ 2 is particularly interesting, as noticed in [E8|. In this case, we indeed have : 

Lemma 3.8 Let H^W'"^ be a weight 2 Hodge structure of K3 type, namely /i^'° = 1. Then 
the Hodge structures on /\ H all have niveau < 2 (that is coniveau > k — 1). 
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Proof. Write H = H'^'° H^''^ © H"'^. Then 

k k-1 k fc-2 fe-1 

/\H = H^^° ® /\ i/i'i ® (/\ i?i'i © ij2'° ® i?°'2 ^ ^ ^1,1) (Q ^ ^1,1 ^ ^0,2 

is the Hodge decomposition of /\ iJ, whose first nonzero term is of type (fc + 1, fc — 1). ■ 

When k > dim H, we of course have that the Hodge structure on /\ iJ is trivial Apply- 
ing these observations to the case where H = H^{S, Q) where S is an algebraic K3 surface, 
we find that Conjecture |0.3| (or rather, its extension to motives) predicts the following (cf. 

11): 

Conjecture 3.9 (i) Let S be an algebraic K3 surface. Then for any k > 2, and i < k — 2, 
the projector -Kait ~ X^o-es i^^Y'"''^'^ G CH'^''{S^ x S^) composed with the Chow-Kiinneth 
projector nf' (cf ^) acts as on CH,{S'')c^ for i <k -2. 
(ii) For k > b2{S), this projector is identically 0. 

Note that (ii) above is essentially Kimura's finite dimensionality conjecture p2| and 
applies to any regular surface. One may wonder whether it could be attacked by the methods 
of the present paper for the case of quartic K3 surfaces. The question would be essentially to 
study whether the fibered product x'^'^/^ of the universal such K3 surface satisfies property 
V. For small k this is easy, but we would need to know this in the range fc > 44 in order to 
prove the Kimura conjecture. This seems to be very hard. 

The fact that this is true for small k (see below) shows that Conjecture |3.9| is implied 
by the generalized Hodge conjecture for the self-products S'' and the coniveau fc — 1 Hodge 
structures A'' H^{S,Q) c H^''{S'',Q). 

Let us be a little more explicit in the case of general Calabi-Yau complete intersections 
and for k ~ 2. Let Xf, be a smooth Calabi-Yau complete intersection of dimension m in 
projective space P". Let Ativan G CH"^{Xb x X;,)q be the corrected diagonal, whose action 
on i/*(Xb,Q) is the projection on i/'"(Xb,Q)i,a„. On Xh x Xf, x X^ x X^, there is the 
induced 277i-cycle 

where pij is the projection from X^ to the product X^ of its i-th and j-th factor. The action 
on Afc,ua„,2 seen as a self-correspondence of X'^ on H*{X'^,Q) is the orthogonal projector 
on 

plH"'{Xb,QUn ®P*2H"'{XbM)van C H^"' (Xb X X,,Q). 

If instead of Ah_yan,2, we consider 

Ab,va7i,2 '■= PuAt^yan ' P23Ab,van, 

then the action on Ab^yan,2 seen as a self-correspondence of X^ on H*{X^,Q) is the com- 
position of the previous projector with the permutation 

r* : i/™(Xb, Q),an ® //"(Xb, Q)™„ ^ ii''"(Xb, Q)van i?"(X6, Q)van 

exchanging summands. Note that the inclusion 

H"\X,,Q),an^ H^'iXbMUn C H^"\Xb X X,,Q) 

sends the antiinvariant part on the left to the antiinvariant part under r on the right if m 
is even, and to the invariant part under r on the right if m is even. This is due to the fact 
that the cup-product on cohomology is graded commutative. 
Hence we conclude that 

At) .— A _ A""" 

'-^b,van,2 ■~ '-^b,van,2 '-^b,van,2 
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acts on H*{X^, Q) as twice the projector onto /\ H™'{Xi, x Xi,,Q)yan if fn is even, and that 

\inv .— A _u A""" 

'-^b,van,2 ■— '-^b,van,2 ~r ^b,van,2 

acts on H*{X'^,Q) as twice the projector onto /\ H™'{Xh x Xb,Q)^an if rn is odd. 



In both cases, using Lemma 3.6, we get that this is twice the orthogonal projector 
associated to a sub-Hodge structure of coniveau > 1. 

Restricting to the case of Calabi-Yau hypersurfaces in P", (so m ~ n — 1), an easy 
adaptation of the proof of Theorem p.7| gives now: 



Theorem 3.10 (cf. Theorem 0.11) Assume Conjecture 0.6 and the generalized conjecture 
holds for the coniveau 1 Hodge structure on /\ H"^~^{Xf, x Xf,,Q)van C i7^"^^(X(, x Xb, Q), 
where Xf, is a general Calahi- Yau hypersurface in projective space. Then the general such 
Xb has the following property: 

(i) If n~\ is even, for any two 0- cycle z, z' of degree on Xb, we have zxz' — z'xz = 
inCHoiX xX). 

(ii) Ifn—l is odd, for any two 0-cycle z, z' of degree on Xb, we have zxz' + z'xz — 
in CHo{X X X). 



Proof. We just sketch the pr oof , as it is actually a variant of the proof of Theorem |0/7 
With the same notations as in ^.9| (where X will be the projective space P"), we claim that 
it suffices to show that, if n — 1 is even, the spread-out cycles 

^!a„,2 := T^vana - Kan.2 ^ C H^''-\X X B X ^ B X ^ B X)q 

can be written as a sum 

^L,2 = Zi+Z2 in CF2™(A' XbXxbXxb X)^^, (11) 

where Zi is supported on 3^ Xb 3^, with y ^ X Xb X, and Z2 is a cycle which is the 
restriction of cycles on various copies oIXxbXxBxXxX (ordered adequately) , via the 
inclusion X C B x X; similarly for n — 1 odd, with V^^^ 2 replaced by 

'^van,2 ■= '^van,2 + T^lan,2 ^ ^^ " {XXbXXbXXb X)q. 

Indeed, if we know this, restricting to a general point b <E B, we get that for n — 1 even 
^ian,2 '■= ^van,2 - ^lan.2 ^ '^ H'^'^^\^^)q Can bc Written as a sum 

AL,2=^1+^2, (12) 

where Zi is supported on 3^t, x J^f,, with yb ^ Xb x Xt,, and Z2 is a cycle which is the 
restriction of cycles on various copies of Xb x Xb x X x X (ordered adequately), via the 
inclusion jb : Xb '^ X = P". Similarly for n — 1 odd with AJ,^„ 2 replaced by A™!^ 2- We 
see equation (p^ ) as an equality of self-correspondences of X^ and we let both sides of ( p^ 
act on z X z', where z, z' G CHQ{Xb) have degree 0. On the left, we get AJ,^„ 2(^ ^ ^') — 
zxz' — z' xz. Next the cycle Zi being supported on J^f, x ^b, with yb ^ XbxXb, acts trivially 
on CHo{Xb X Xb). We thus get (for n — 1 even), decomposing Z2 as a sum Z2 = X!i ■^2,i|x* 
where Z2^i £ CH^^^^{Xb x . . . x X x . . . Xb), with the factor X put in z-th position: 

zxz' -z' xz^ Y,{Z2,t\xi)*iz X z') in CHo{X^)q. (13) 

i 

If i = 1, 2, (^'2 i|x<i)*(2 X z') vanishes because, as CHq{X) = Cifo(P") ~ Z, both cycles 
z X jb*z' £ CHo{Xb X X) and jb*z x z' e CHa{X x Xb) vanish. For i = 3, 4, we have that 
iZ2a\xi)*{z X z') belongs to CHi{Xb x X)\x,xx, or to CHi{X x Xb)\x,xx, with X = P". 
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Thus we get using the decomposition of CHi{Xb x P") as CHo{Xb) ®Zhi®CHi{Xb) x Zft-o, 
where hi is the class of a hue and /iq is the class of a point in P", an equality: 

z X z' — z' y. z — wi -X ft-iiXb + ^i|Jf6 X ""^2 in CHo{Xb x Xh)Q, 

with Wi £ CHq^Xij). Applying pri* and pr2* to both sides of this equality, we finally get 
that wi = W2 = in CHo{Xt)iQ. Thus we proved assuming (O) that z x z' — z' x 2; = in 



CHo{X^)q for n— 1 even and the same proof will show that z: x z' + z' x z = in CHo{X^)q 
for n — 1 odd. As these cycles belong to the kernel of the Albanese map, we also conclude 
by Roitman's theorem [g4| that these equalities in fact hold in CHo{X^). 

It remains to see how to get ( pi] ) from the condition that the generalized Hodge conjecture 
holds for the coniveau 1 Hodge structure on /\ H'^~^{Xi,)prim combined with Conjecture 



Q.t. As in the proof of Theorem D.7, we find that under these two assumptions, we have an 



equality of cycle classes 

[2?Ln,2] - [Zi] + [Z2] in H'--\X XbXxbXxbXM). (14) 

where Zi is supported on y Xb y, with y ^ X Xb X, and Z2 is a cycle which is the 
restriction of cycles on various copies oiXxBXxBxXxX. 



Equation (hlj) follows from (|14|) and from the following Proposition 3.11. This finishes 



the proof of Theorem 0.11 



Proposition 3.11 The fourth fibered product X x b X x b X x b X oj universal hypersurf aces 
of degree > 3 in P" satisfies property 'P2n-2- 

Proof. As we are interested into cycles of codimension < 2n — 2, we can restrict to the 
open set <Yg defined as the complement of the small relative diagonal X G Xq which is 
of codimension 3n — 3. 



We apply the relative version of Lemma 3.12 below. This provides us with a certain 



blow-up Xq of the relative Fulton-MacPherson configuration space (cf. H). It is smooth 
and proper over Xq .In order to prove the result, it suffices by Lemma UA to show that 

Xq satisfies property V2n-2- By the functoriality statement in Lemma B.12, there is a 



morphism from Xq ' to (P")q and in particular to the punctual Hilbert scheme Hilb (P"), so 

that an element of Xq determines a 4-uple (xi, . . . , 2:4) G Xb together with a subscheme 
z oi Xb C P" of length 4 with associated cycle xi + . . . + 2:4. It is an easy result that 
any subscheme z of length 4 of P" whose support consists of at least two points imposes 

independent conditions to degree n + 1 hypersurfaces, with n + 1 > 3. It follows that Xq 

can be realized as a Zariski open set of a projective bundle over the space (P")q constructed 
below. Namely, over a point u in this space, giving rise to a;i,...,a;4 together with a 
schematic structure z with associated cycle xi + . . . + a;4, the fiber is the projective space 
P(iJ*'(P",l2(n-|- 1))), and we have to take inside it the Zariski open set which parameterizes 
smooth hypersurfaces. 



Lemma 2.3 says that (P")o satisfies property V2n~2- By Lemma 2.2, it follows that 
the projective bundle described above over (P")o also satisfies V2n-2- By Lemma 2.1, the 

A/B 

Zariski open set Xq inside it also satisfies V2n-2- ■ 



Lemma 3.12 (cf. jjq/j Let X he a smooth variety of any dimension n. Denote by Xq the 

open set X* \ Ax. 4, where Ax. 4 ^ X is the small diagonal. There is a smooth variety Xq 
which admits a morphism to Hilb (X) (so the rational map a ; Xq ---> Hilb {X) is desin- 

gularized on Xq), whose construction is functorial under immersions, and which satisfies 
property V2n-2 if X satisfies property V . 
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Proof. We will just describe the construction of Xq over a neighborhood in Xq of a point of 
Xq of type (3, 1), that is a point which corresponds to a relative 0-cycle of the form 3a; + y. 
The case of points of type (2, 2) (that is a point which corresponds to a 0-cycle of the form 
2x + 2y) or with a support of cardinal > 3 is easy and left to the reader. As the set of points 
of type (3, 1) and (2, 2) are disjoint in X^ there is no problem to glue the local constructions. 
We first blow-up inside Xq the union of the images under permutation of the diagonals 
of type l^xxxy parameterizing the points 

{x,x,x,y) eX^.x.y eX,x^ y. 

We then blow-up the (disjoint union of the) proper transforms of the images under permu- 
tations of the big diagonal /^.^xyz which is defined as the closure of the set of points 

{x, X, y, z) e Xq, X, y, z ^ X, x, y, z distinct. 

What we get at this point is nothing but the Fulton-MacPherson compactification X(4)o of 
the configuration space of 4 points, at least over the open set Xq of X^ (cf. Q). 

The rational map a : X(4)o ---> Hilb {X) is not yet a morphism, as shown to us by 
Totaro. What we need to blow-up is the following locus M (pointed out by Totaro): over 
the diagonal A.x^x.x,y (or any image of it under permutation), the exceptional divisor over 
^x,x,x,y is (before the second blow-up) the projective bundle P(p*Tx ® p*Tx) where px is 
the first projection Axxxy = X xX ^ X. Let M' C P(p*rx ©pJTy) be the locus of couples 
(wi,U2) where vi, V2 are colinear. M' is isomorphic to P^ x P(p*Tx). Let M be the proper 
transform of M' under the second blow-up, that is in X(4)o. M is isomorphic to M'. 

It is explained in the letter ||l^ that a becomes well-defined on the blow-up of ^(4)o 
along M, as a consequence of Hayman's theorem [|l|. This of course concerns the case where 
dimX = 2. However, we are looking at Hilb (X)o, the open set of Hilb (X) where the 
support has cardinality at least 2, and in fact are mostly concerned with the neighborhood 
in Hilb {X) of punctual subschemes of type (3, 1). As this is locally (in the etale or analytic 
topology) isomorphic to the product X x Hilb'^(X), we are reduced to study the case of 
Hilb (X) in a neighborhood of a fat point z. We observe now that any length 3 subscheme 
z C X is contained in a smooth surface in X. More precisely, if n is the dimension oi X, we 
choose a linear system of hypersurfaces Hq . . . , iJ„ in X with the property that z imposes 3 
independent conditions to < Hq, . . . , _ff„ >, and that the locus S^ C X defined by the linear 
subsystem I^ Cl< Hq, . . . , _ff„ > is smooth. The map 

(/) : Hilb^(X) ^ Grass(3, n + 1), 

z' ^ h' C< HQ,...,Hn > 

is then well-defined near z, dominant, with fibers through a point z' G Hilb (X) close to z 
the Hilbert scheme Hilb^(I]z') of the smooth surface S^'. Using this, we easily reduce the 
general case to the surface case. 

Applying Lemmas 2^ and p.l| , it is easy to show that the resulting variety Xq, satisfies 



property V2n-2 if X satisfies property V. 
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